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ABSTRACT: We study the one-loop anomalous dimensions of the Super Yang-Mills dual
operators to open strings ending on AdS giant gravitons. AdS giant gravitons have no upper
bound for their angular momentum and we represent them by the contraction of scalar
fields, carrying the appropriate R-charge, with a totally symmetric tensor. We represent
the open string motion along AdS directions by appending to the giant graviton operator a
product of fields including covariant derivatives. We derive a bosonic lattice Hamiltonian
that describes the mixing of these excited AdS giants operators under the action of the
one-loop dilatation operator of N' = 4 SYM. This Hamiltonian captures several intuitive
differences with respect to the case of sphere giant gravitons. A semiclassical analysis of
the Hamiltonian allows us to give a geometrical interpretation for the labeling used to
describe the fields products appended to the AdS giant operators. It also allows us to show
evidence for the existence of continuous bands in the Hamiltonian spectrum.
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1. Introduction

The most accomplished realization of the AdS/CFT correspondence conjectures the equiv-
alence between N' = 4 Super Yang-Mills theory in four dimensions and type IIB string
theory on the AdSs x S° background M-Bl. A great deal of evidence supporting this
equivalence was found after the realization of a geometrical limit, for strings with large
angular momentum, leading to a plane-wave background where the string theory can be
exactly quantized [{, fl]. In this so called “BMN” limit, the closed strings energy spectrum
was shown to match the scale dimension spectrum of certain dual operators (a.k.a. BMN
operators) of the N' = 4 gauge theory [f]. The key observation of Berenstein, Maldacena
and Nastase [§] was to note that the perturbative contributions to the anomalous dimen-
sions of BMN operators are suppressed by the square of the parameter associated with
the angular momentum of the dual string. This fact allowed to engineer a limit in which
perturbative computations on the gauge theory side could be extrapolated to strong cou-
pling and therefore make a true comparison with string theory computations beyond the
supergravity and BPS approximations.

Another remarkable result in the AdS/CFT large N approximation (N being the rank
of the gauge group) was the discovery of integrable structures governing the anomalous
dimensions of N' = 4 SYM operators. Minahan and Zarembo [[{] showed that the mixing
matrix of anomalous dimensions of single trace operators of scalar fields, at planar 1-loop
approximation, is given by an integrable SO(6) spin chain Hamiltonian. More recently, the
planar 1-loop anomalous dimensions for the full set of local operators were shown to be



given by the spectrum of an integrable spin chain Hamiltonian for the full superconformal
group [§.

Some of these ideas can be extended to the case where one includes D-branes and open
strings. In these cases the spectrum of anomalous dimensions of the dual operators is given
by open spin chain Hamiltonians. It is possible to work out the boundary conditions for
the open spin chains and determine if they define integrable open spin chain models.

In [f], non-perturbative BPS states of finite energy on AdSs x S° were found by
considering compact D3-branes expanded in a S" C S°. These spherical D-brane solutions,
known as giant gravitons, are supersymmetric and it is also possible to construct them
by wrapping a S® C AdSs [0, . The salient feature of all these configurations is
that the square of the radius of the D-brane is proportional to an angular momentum p
associated with a S' C S° rigid motion of the brane. This property marks an important
distinction between sphere and AdS giant gravitons: the angular momentum of sphere
giants has an upper bound. On the other hand, giants expanded in AdS have no bound
on their angular momentum. In [I3—[I§] BPS dual operators to the above giant gravitons
were proposed. Quite interestingly, some non-BPS perturbations of these operators were
interpreted as open strings attached to giant gravitons in @f@].l Until recently, the
anomalous dimensions of these non-BPS operators were not studied as extensively as for
single trace BMN operators discussed in [§]. A computational difficulty being that non-
BPS operators dual to excited giant gravitons have a number of fields p, which taken of
order N, leads to the failure of the planar approximation. Nevertheless, it is possible to
work out the combinatorics and extract the leading order result in the large N limit.?

For sphere giant gravitons of maximal size, the resulting boundary conditions for the
one-loop anomalous dimension mixing matrix lead to an integrable open spin chain [R(].
Computations at two-loop order have recently shown inconsistency with the Bethe Ansatz
B3, P4). So, if the system remains integrable at higher loops, its integrability will not be
implemented by a Bethe Ansatz. For non-maximal sphere giants, already at one-loop order,
the Hamiltonian is not solvable by a Bethe Ansatz. However, and despite the presence of
continuous bands in its spectrum, the Hamiltonian seems to be integrable [RJ].

In this work we consider dual operators to open strings attached to AdS giant gravi-
tons. The gauge theory description of strings spinning along the AdS directions of the
giant requires to consider the action of covariant derivatives on the set of scalar operators.
This AdS spinning provides a new parameter L which will be crucial for implementing
the BMN scaling. We will deal with operators in a non-compact sl(2) sub-sector of the
superconformal group. To study the anomalous dimensions spectrum of the set we will
use the complete one-loop dilation operator of N" = 4 SYM, constructed by Beisert in [R€],
and restrict it to the sl(2) sub-sector. In the present work we will not be concerned on the
integrability of the Hamiltonian giving the one-loop anomalous dimensions. Instead, we
will focus our attention to explore a BMN limit on both dual descriptions of the system.
The paper is organized as follow. In section f] we derive the large N one-loop mixing ma-

LOpen strings can also be attached to defect (non-compact) D-branes. In the dCFT, matter fields serve
as boundaries for the spin chain and define an integrable open spin chain Hamiltonian [@, @]
2Large N and planar limit are usually taken as synonymous in the literature.



trix of anomalous dimensions for the set of operators dual to open strings attached to AdS
giant gravitons. Due to the variability in the number of sites in the standard spin chain
mapping, we introduce an alternative and more convenient labeling for the operators as
states of a bosonic lattice. We provide a semiclassical sigma-model action governing the
dynamics of the bosonic Hamiltonian with a large number of sites and also show evidence of
the existence of continuous bands in the spectrum of the bosonic Hamiltonian. In section J
we briefly present the geometrical description of open strings on AdS giants and guided
by the AdS/CFT correspondence we see how to confer a geometrical interpretation on the
results of section . In section [] we summarize and discuss the results of the paper. Two
appendices [A] and [B are devoted to the relevant combinatorics for the computations of the
section [, and the Penrose limit considered in section [.

2. Anomalous dimensions for the duals of open strings on AdS giants

N = 4 SYM operators constructed from a single complex scalar field Z in the adjoint
representation of U(V) are half-BPS protected. Polynomial operators in Z have their R-
charge given by the degree of the polynomial and it is possible to establish a dictionary
between these gauge theory half-BPS operators and half-BPS objects in the dual string
theory @f@] For instance, a Schur polynomial in Z, written in the totally symmetric
representation of the permutations group S, is identified with an AdS giant graviton. On
the other hand, a Schur polynomial written in the totally antisymmetric representation
is identified with a sphere giant graviton [[[J]. Explicitly, the local gauge theory operator
representing an AdS giant graviton with p units of angular momentum is proposed to be

_ gl g J
Op—Sjl___jZZill---Zi’;, (2.1)

i1+
where Sj1~~~jp
some useful properties are displayed in the appendix [A].

is a tensor totally symmetric in all its indices. Its definition together with

Open strings attached to giant gravitons (spherical D3-branes) give rise to non-BPS
excitations. These states are mapped in the gauge theory to operators like (R.1]) but with
a Z field replaced by a product of SYM fields and their derivatives, which, usually referred
to as a word W, represents the open string excitation state. Operators representing excited
sphere giant gravitons were previously studied in [[§-P§]. Extending the analysis to the
case of AdS giant graviton operators is particularly interesting since sphere and AdS giants
behave quite differently when their angular momentum p is increased: while the angular
momentum of a sphere giant is bounded by N [[], there is no upper bound for the angular
momentum of AdS giants (see eq. (B.5)).

Our attention will be focused on operators of the form,

O = Sl W 22
In particular, we will be interested in open strings following almost null trajectories in
order to be able to make contact with gauge theory computations via a BMN limit [f].
This requires to consider open strings spinning fast around the AdS giant graviton. In gauge



theory language, this AdS motion is represented by the presence of covariant derivatives
in the letters of the word W. It will be sufficient for our purposes to consider letters
constructed out from a single scalar field Z and covariant derivatives, taken in a unique
spacetime direction, acting on it. The infinitely many possible letters D" Z can be shown
to transform in the infinite dimensional spin j = —% representation of a non-compact sl(2)
subalgebra of the conformal subalgebra. We will study AdS giant operators belonging to
this sl(2) sub-sector, which can be shown to be exactly closed []. Therefore, the words

W we will be considering in (2.9) take the form
W= zm) . zn2) . Zns) (2.3)

where,

1
) _ —D"Z,  D=D;+iD,. (2.4)

Here D; and D, are covariant derivatives and the product in (R.3) should be understood
as matrix multiplication. Our aim is to study the anomalous dimensions spectrum of
the set of operators (R.) which is conjectured by AdS/CFT to coincide with the open
string excitation spectrum of the giant graviton. We will calculate the mixing matrix of
anomalous dimension at the large N one-loop approximation.

The complete one-loop dilatation operator D of N’ = 4 SYM is known [Rf]. We will
study its restriction to the AdS giant operators (R.2)-(R.3),

9\2(MN 1
D = Do+ 82 D1+ O(gynm) - (2.5)

In (.5), Dy gives the classical dimension of the operator,

[ee)

. . ; )
Dy = + DtrZ @2, ith (Zp) = ———. 2.6
0 azg(a )tr (@) with  (Z()); 5z (2.6)
The one-loop contribution Dy in (@) is written as
Dy = Nﬁnglc)l : tI-[Z(a)7Zv(c)][Z(b)7ZV(d)] :
i ~ k

_ N1 (red de) . (a) 5 \J (b > A\

N <Cab+Cab) - (Z >j(Z(c>)k<Z >Z(Z(d))i'

i ~ l
N (v o) (Z29) (Zw) (Zw)) (29 -, 2.7
(cat+ i)« ( )j(())k((d))l< ), (27)

where sums over repeated indices have been omitted and colons indicate that the variations
Z do not contract on letters within the same colons. The coefficients Cgff can be obtained
from the complete one-loop dilatation operator when its action is restricted to the sl(2)
sub-sector. From eq. (3.14) of [2G] one gets

(Cip + Cha) = —h(a) = h(b),
Onm
(CaJrngbfm + bebmanrn) = W ’ n=-a,...b 7é 0, (28)



where the harmonic numbers h(a) are defined as,
h(a) = Z L ho)=o0. (2.9)
i=1 2

We will now analyze the mixing of the operators (R.)-(2.4) under the action of D;. It will
be helpful to label the operators we will be working with as,

Spsar,ay) = SErZl L 7 (gl L glan e (2.10)

The rank of the totally symmetric tensor p is associated with the angular momentum of
the giant along a S' C S°. The number of letters .J is dual to the angular momentum
of the open string excitation along the same S' as for p, and the total number of covari-
ant derivatives L distributed in the word is dual to the open string excitation’s angular
momentum along a S' C AdSs direction. Thus, the integers a,, are subject to

J
> an=L. (2.11)
n=1

It is necessary to normalize the operators (R.10) so that in the large N limit, their free
correlation functions are of order one. We define,

Spson )= \/(N Tp —(1J)V!pJ!r(;)!— v o ianar). o (212)

We will exclude the possibility of a; or a; being zero, since in those cases the identity,

Sz --.Zjizj(ZW)gg = — Gtttz ---ZJ;; WAttt _ 2§t gt ---ZZtr(W),

J1-Jp P J1Jp+1 T 1 Ip+1 P Jigp < i

(2.13)

allows to write an operator with a Z at the extreme of a word, the lhs, in terms of: a bigger
giant with a shorter string (first term, already accounted in the set), and an unexcited D-
brane plus a closed string (second term). When computing the mixing among operators (see
below), the proper account of the normalization factors for operators shows that the last
term in (P.13) is suppressed by a factor 1/,/p . Since while taking the large N limit we are
taking p ~ N, the contribution of the last term in (R.13) is irrelevant to the computations.

The action of Dy on operators S (p ;a1,---ay) is determined by the two derivatives
Z present in (277). The possibilities are: (I) both derivatives act on letters of the word
W or (II) one derivative acts on a letter of the word and the other on one of the Z fields

contracted with the symmetric tensor.?

(I) A straightforward computation shows that the leading order contribution to D; in the
large N limit comes from the case where both derivatives act on consecutive® letters of the

3When both derivatives act on Z fields contracted with the symmetric tensor, the contribution is pro-
portional to C§ which is zero (cf. (@))
4Contributions from the action of Z on non-consecutive letters are sub-leading.



word W. The result is

DS a1, -ay) = —(CU%= + C2M)S(p ;a,b,a3, - ay) (2.14)
—(CR*™ + ) S(p sa1,a,b,---ay) — - -

a a ajaj_ 1
_(Cal;]_l 4 +Cb(; ! I)S(p ;ala"'aJ—27a7b)+O(N).

Using the identity (B.1J) we rewrite apart the cases a = 0 in the first line and b = 0 in the
last line. Taking into account the normalization of the operators (.13) we obtain,

Dgl)g(p ap,-- -CLJ) — Cgflbm + Cg;/al)g(p ;al,b, as, - - -CLJ)

—(
—(C2* + Cp2?)S(p sa1,a,b,---ay) — -+
(C 4 O S s, g, b)

'a

—\ 1+ R (GG + ™) S(p+ Libuas, - ay)
T (O + G S+ Liar, - ay-s,a)

1

+0O( \/ﬁ) . (2.15)
Here a primed repeated index indicates that its summation excludes the value zero. The last
two terms in (R.15) show that the dilatation operator mixes states with words of different
lengths. This instance is similar to that of non-maximal sphere giant gravitons [R1, 5] and
the mixing between operators with words of different lengths could have been expected.
The variation in the number of letters of the word W can be pictured, from the string
point of view, as coming from the exchange of the angular momentum along the S' C §°
between the string and the giant. The open string gets dragged by the movement of the
giant graviton while propagating. Notice also that the factor describing the mixing of
words of different lengths is /1 + p/N. The sign inside the square root has changed with
respect to the similar factor appearing in the sphere giant case. This last fact reflects that
p can increase arbitrarily for AdS giants.

(IT) The leading order result, considering as before p ~ N, is

DIDS(p sar,as) = = (14 %) (€ + ) S b0z, - ay)

—(14+ %) (C°+ o) S sar,--as-,b)

—\J1+ %(C% + ) S(p—Ld',baz, - ay)
—1+ 2 (Co + O S - ar, a0 )

— (Ol + O+ C0 + O S(p by, ay)
— 2 (Ch + Ci° + C0 + O S(p s,y b)
1
+O(—). (2.16)

VD



Defining the parameter

p
=,4/1+=. 2.1
o) + N (2.17)
and using the coefficients (2.§), the result (R.15) can be rephrased as
D"S(p a1, ---ay) = (hlar) + h(GZ))S(P jar,---ag)

a1—1
- Z S~p a1 — n7a2+n77"'aJ)

n=—as
+(h(a2) + h( 3)S(psar,--ay)
- Z p ai, a2 — n,a3—|—n,---aJ)—---

n=-—as
—|—(h(a§]71) + h(aJ)) S(p y a1, an)

G,J_lfl 1 R

Z ms(p;ala"'aaglfl_naa]_kn)

n=—ay

o ~
——Sp+La+azas,-ag)

1

a s 1
——Sp+La,-,a5-1+a5) +0(—). (2.18)

aj \/]_9

The first six lines can be identified with the action of an open s/(2) spin chain Hamiltonian
under the standard identification Word < Spin Chain State [}, §, BG]. The last two lines
indicate that sites can be annihilated at the boundaries of the chain. Similarly, (2.16) can
be rewritten as,

ngg(p sar, - ay) = o (h(ar) + h(ay)) S(p sa1, - ay)

ai
1 -
—QZES(p—l;n,al—n,ag,---aJ)

—azj%g( —l;a1, - ,a5-1,a5 —n,n)

n=1
—(@® = 1)(h(ar — 1) + h(a; — 1)) S(p ;a1,- - ay)
+o(Ly. (2.19)

VP

The first and last lines represent the action of identity terms, while the two middle ones
show that sites can be created at the boundaries of the chain.

Describing different words as open sl(2) spin chain states is not the most convenient
picture. Since sites can be created or annihilated at the boundaries, one would have to
deal with spin chains of variable length. In order to find a more appropriate labeling of
the words set, it is crucial to note that the total number of covariant derivatives in the
word W is conserved under the action of the 1-loop dilatation operator. We choose then
to label the words (2.3) by stating the number of Z fields between consecutive covariant



derivatives. Consider, for instance, the word
zWz0 72 70  DZZDDZIDZ. (2.20)

We specify it by indicating that there are two Zs between the first and the second derivative
D, no one between the second and the third and one Z between the third and the fourth
derivative. A word with L 4 1 covariant derivatives will then be labeled as a bosonic state
of a lattice with L sites,

DZMDZ™D..-DZ"DZ <  |ni,ng,--,n), (2.21)

with n; = 0,1,.... The variability of the sl(2) spin chain length is translated, in the
labeling (R.2])), into a variability of the total occupation number of the lattice. This
variability will take place at the size of the giant graviton expense. However, since the
probability of a Z entering or leaving the word is the same, we expect that p can be
consistently taken as a constant. A posteriori we will check that occupation number of Zs
for the ground state is much smaller than p. Summarizing, the total number of bosons in
the bosonic lattice is equal to the total number of Zs in the word.

To translate the action of Dy (R.1§)-(R.19) to the bosonic language (R.21), we introduce
T

shift operators a; and a; that rise and lower the occupation number of ith site

allni) =Ini + 1), ailni) = |ni — 1) (2.22)

Note that their action does not involve the square roots of the standard oscillator-like
operators, therefore,

aal =1,  ala;=1—P>=1—0)0];. (2.23)
Consider the word that begins as

aq a2

za)z@) ... o D..DZD---DZ---. ( )

The only restriction we have is that a; # 0 (cf. (2.13)). The first a; — 1 sites are empty
states in the bosonic language and the alth is necessarily occupied. The amount of bosons

occupying it depends on the subsequent a;,

a1—1

——
|0,""0’1a"'> ifa27é0,
a1—1

(a1) 7(a2) , . —_—
Zez T N10,-,0,2, ) ifas=0Aaz#0, (2.25)

Let us consider in detail the translation of some of the terms in (R.1§) and finally present
the complete result. We can think of D; as the Hamiltonian of a bosonic lattice. Defining



H = \Dq, the diagonal terms in (R.18) can be understood as amounts of energy for each
site occupied. Their total contribution is

Bose ~ A(h(ay) + 2h(az) + -+ + 2h(ay_1) + hlay)) (2.26)

where we have introduced the ’t Hooft parameter \ = gygf This total contribution can
be obtained in the following way: for each site of the lattice there is no contribution if
it is empty, if the site is occupied the amount is independent of the number of bosons in
the site.> However, the amount for each occupied site depends on the occupancy of their
neighbors. The contribution in question is h(er, + 1) 4+ h(eg + 1), where ey, is the number
of consecutive empty sites (if any) to the left and ep is the number of consecutive empty

sites (if any) to the right. These diagonal terms of the lattice Hamiltonian are written as
. )\L—l L-m 4 G l+m—1 ,
osc — Z Z E (al aj +al+mal+m) < H Ps)
L
Ty (HPO> +ZL+1_lalal<H PO> (2.27)
1

=I+1

+
>
g
~| =
Q>

=1

There are also terms in (2.1§) that represent the exchange of n covariant derivatives between
consecutive letters of the word. In the bosonic labeling, they are seen as hopping terms.
Since more than one covariant derivative can be exchanged, the hopping is not only between
nearest neighbors. A boson can be exchanged between non-nearest neighbor sites as long

as all the sites between them are empty. These hopping terms can be written as,

_ _ I+m—1
UG
Hhopping E E E al+mal+alal+m < H Pso> . (228)
m=1 [=1

s=Il+1

A similar analysis can be repeated to rephrase the terms corresponding to the creation and
annihilation of letters at the boundaries as well as the diagonal terms in (£.19). Altogether,
the action of D on the operators corresponding to open strings on AdS giant gravitons, is
given by the action of the following bosonic lattice Hamiltonian,

_ _ 1 I+m—1
S S Ll 1T 2) 229

s=l+1

(alal—i—a —a(al+al)+(1—a Pl> (HPO>

L
L+1- <“1le+0‘2_“(&lJF@zT)JF(l_O‘QWO) < 11 PS) ’

s=Il+1

Nl’—\

"y
SE

The terms proportional to a in the second and third lines of (R.29) represent sinks and

lth

sources for bosons. Bosons can be created or annihilated at the ['" site of the lattice, as long

This is the reason for having chosen the shift operators ) instead of ordinary creation and annihi-
lation operators



as all sites in between the I*! site and one of the boundaries are empty. As a consequence,
the total number of bosons does not commute with the Hamiltonian. This represents a
serious difficulty in trying to diagonalize (R.29): their eigenvalues will not have a definite
number of bosons. Nevertheless, it is possible to build a uniform coherent eigenstate with
zero eigenvalue. This is nothing but the ground state of (£.29),

-1 -1 o’ —1 & —(n1+-+nr)
|\I/0>:‘Oé Y >: Z « |’I’L1,...,’I’LL>. (230)

a2

ni,...,ng=0

However, we do not know how to solve the eigenvalue problem in general.

2.1 The semiclassical limit

We will show in this section that the dynamics, in the L — oo limit, given by the Hamilto-
nian (2.29) is governed by a semiclassical sigma-model action. The action will be obtained
by taking a continuum limit of the path integral representation of the evolution opera-
tor written in a coherent states basis. It was shown in [27] that the semiclassical action
obtained for the Heisenberg spin chain Hamiltonian, which describes the planar 1-loop
anomalous dimension of single trace operators in a su(2) sub-sector, can be related to the
closed string action when appropriate gauge choice and specific limits are taken. A similar
identification was done for single trace operators in a sl(2) sub-sector in [§-B0].
The semiclassical action for the dynamics in the L — oo limit reads,

) d
SZ/dt <Z<Zl---ZL’E’21---ZL>_ <21...ZL’H’21...ZL>> s (2.31)

We are dealing with a bosonic Hamiltonian and the coherent states we use are defined to

be eigenstates of the shift operator a,

9]
2) = VIR X&), with Jo] <1, (252)
n=0

As known, coherent states constitute a non-orthogonal and overcomplete basis. The over-
lapping between states is

(z]2') = VIZEEVL- (2.33)

1-—2z7

We parameterize the coherent states as z(t) = u;(t)e’®(). The first term in the integrand
o (B-31)) takes then the form

d L u?y
: _ l
Z<Zl---ZL‘E’21---ZL> = —ZZ; 5 - (2.34)
In the limit of large L, the functions w;(t) and ¢;(t) can be considered to be continuous
functions u(t, o) and ¢(¢,0) with 0 < o < 1, the sum over [ being converted into an integral
over o,

u’¢

(2.35)

d 1
i<21...zL‘—‘Zl...ZL> = —L do .
dt o 1—u?

—Uu

,10,



Here a dot denotes a derivative with respect to ¢. For the second term in the integrand

of (R.31)) one obtains

<H> = <2’1...ZL’H’21...ZL>

L-1L-m I+m—1
A — (Ut — u)? < IT a- u§)>

m=1 1 s=l+1

l
1

L—1L—m l+m—1
1
Y Z EQulul+m(cos(¢l+m —¢) —1) ( H (1- u?))
m=1 [=1 s=Il+1
L 1 ) m—1 )
—i—)\Z—(a uy, + 1 — 20y, cos ¢, ) H(l—us)
m
m=1 s=1
L 1 L
+A Z 7(a2u% + 1 — 200y, COS Py ) ( H (1- u?)) . (2.36)
m=1 L tl-m s=m+1

In the large L limit of (2:36), sums over [ (in the first two lines) are going to be approximated
by integrals over a continuous variable o, while sums over m are going to be approximated
by geometric sums. Identifying f; ~ f(o),

fiom = £(0) + 21 0) 5 (2) £70) + O /7). (237)

(]

Approximating the sums as indicated, the contributions to (2.3G) can be gathered order
by order in powers of 1/L. The result is

At
<H> = —E A dO' E (UIQ —|— u2¢/2) (238)
L oym—1
1
+A Z 7( w) (a2u2 + 1 — 2au cos ¢)
m=1 m o=0
)\ L m — 1 2vm—1 / . /
+ZZT(1—U ) 20/ (u — v cos @) + 2 sin G
m=1
w5 2,1
—(m—2)1 u2(u + a” — 2aucos @) —m(l — a”)uu
_ o=0

L (1 . u2)m—1
+A Z EEe— (a2u2 + 1 —2aucos qﬁ)
m=1

o=1

+% Z m—_l(l —y?)mt <2u'(u — a.cos @) + 2au sin ¢’

+O(1/L?).

o=1

(u® + a® — 20m cos ¢) — m(1 — a2)uu'>

Primes denote derivatives with respect to o. The bulk term of this semiclassical Hamil-
tonian is of order A\/L. However, the boundary terms leading order is A. Then, the
semiclassical configurations with the lowest anomalous dimension are going to be those

— 11 —



satisfying the following Dirichlet boundary conditions,

(a2u2 + 1 — 2aucos ¢) |U:071 =0. (2.39)

This is equivalent to require,

u‘azO,l =

(b‘a:O,l -

el L

(2.40)

Note that imposing the boundary conditions (R.4(]) cancels not only the boundary terms of
order A but also those of order \/L. Finally, the semiclassical action for the large L limit
with boundary conditions (R.40) is,

1 2 A
S:—L/dt/o do (1“_—‘32 ~ T (u’2+u2¢’2)> : (2.41)

At the end of section B.1], we will give a geometrical interpretation of the coherent states

parameters u and ¢. To this end, it is convenient to introduce the variable r = 1/u, taking
values r € (1,00). The action (R.41]) is rewritten as

1 " Y
S: _L/th dO' <7";L—1 — ﬁ (7”,2 + T2¢l2)> y (242)

and the Dirichlet boundary conditions (R.40Q) as,

Tlo=01 = @ =4/1+ (2.43)

P
N 7
Plo=01 = 0. (2.44)

The ground state of this semiclassical action is the constant configuration » = o and ¢ = 0,
which is a coherent state z = 1/« uniformly distributed along the lattice. This is precisely
the ground state (2.30).

2.2 Continuous bands

In this section we argue that the Hamiltonian (2.29) has continuous bands in its spectrum.
The variability in the mean occupation number together with these continuous bands indi-
cate that it is possible to construct states whose evolution gives a growing mean occupation
number.

Among the family of Hamiltonians (R.29) we are only able to exactly diagonalize the
case L = 1. The one site, the Hamiltonian is,

H =2\ (&Ta ta? —a(@+a)+ (1 - a2)PO)>
1 1

= 2)\a? (&T& + - —(a+ aT)> : (2.45)
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A ground state and a continuum after a gap constitute the whole set of eigenstates,

a2 — 1/2 oo
[Wo) = ( — 1) Z%!n% (2.46)

n=0
= 1
|W(k)) = Z <sin kn — o sin k(n + 1)> Iny, with0<k<m. (2.47)
n=0

The energy of the ground state is zero, while the energy of the states in the band is
E(k) = 2X\(1 — 2accos k + a?) . (2.48)
The gap between the ground state and the band is
2\ — 1)2. (2.49)

States in the band satisfy a delta-function normalization. Normalizable wave-packets can
be built out of them, whose mean occupation numbers grow monotonically as evolution
takes place.

To analyze the existence of continuous bands for larger L we consider the system
semiclassically. As we have already argued, the action (R.31]) governs the dynamics of our
system in the L — oo limit. The idea we pursue is simple: energies for which orbits in
phase space are open, correspond to a continuum in the spectrum of the quantized system.

To begin with, notice that conjugate momenta p,, and py, are subject to constraints.®
Therefore, the phase space coincides with the configuration space (u;, ¢;), which is a prod-
uct of L discs of radii r=1. We are interested in the values of the semiclassical Hamilto-
nian (.36), which allow open orbits in the phase space. Since the energy is a conserved
quantity, orbits are constrained to hypersurfaces of constant energy. Therefore, open orbits
are possible for energies, whose hypersurfaces intersect the boundary of the phase space.
We are be only interested in the minimal amount of energy that a state would need to
reach a continuous band. Then, we have to compute the minimum of each of the functions
resulting when one of the u; takes the values 1. These L functions are bounded from below
by polynomials on wu;

L—-1L— l+m—1
(H)|yoy = M =2 mim —uy)? ﬁ (1—u2) (2.50)
up=1 = L m +m S .
m=1 [=1 s=l+1 up=1
L 1 m—1
m=1 s=1 up=1
L 1 L
2.2 2
m=1 s=m+1 up=1

which are obtained by setting all angles ¢; to zero. The minima of the /\/l’z then give us

the minima of (H)| It is straightforward to verify that the stationary point equations

up=1"
2
“From (R.34) one gets pu, = 0 and py, = %L—l
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are satisfied with the following values,

é:(l_o‘>z+a i<k,

uj k

1 a—1 L+1—-ka

S l it > k. 2.51
w ((L+1—k)> TTrion U7 (2:51)

One can also see that these critical points are minima of each M¥% | and the energy evaluated

on them is ( \ 2
AML+1)(a—1
H * _n — . 2. 2
< >‘ul:ul ,1=0 ]{?(L—i— 1— k) ( 5 )

It is not difficult to see that the intersection where the central site takes the value one
gives a minimum of the expression (R.53). Summarizing, the minimal amount of energy for
having open orbits is

(L+1)
AN(L+1)(a—1)?
L(L+2)

(2.53)

if L is even.

{ Mo T s odd,
Econt:

This analysis enables us to conclude that in the large L limit, the minimal energy to reach
the lowest continuous band in the spectrum is,

4\ (o —1)?

E, cont — I,

(2.54)

Operators dual to long semiclassical strings, with energy order A\/L, could show a growing
occupation number. The existence of these configurations indicate that the D-brane might
be unstable if it is excited with long strings.

It is possible to give a picture of these configurations from the geometrical viewpoint.
The motion of the giant along the v direction of the S° exerts centrifugal forces on long
strings attached to it. For sufficiently long strings, these forces could excess the string
tension. To see if this phenomenon constitutes a D-brane instability, it is necessary to
study how the diminution in giant size back-react on these configurations with growing
occupation number. However, this analysis is beyond the validity of the approximations

we made in the derivation of (R.29).

3. Open strings on AdS giant gravitons

Let us briefly state some of the geometrical properties of open strings ending on AdS
giant gravitons. We will see that some of them have already appeared as outcomes of the
Hamiltonian (R.29).

We write the metric of AdSs x S° in global coordinates

ds®> = R*(— cosh® dt? + dp? + sinh® dQs? + d6? + cos®0 dip? + sin0 2% , (3.1)
and the 3-sphere metrics as

dQs? = dy? + cos®pdn? + sinp de?
ngQ = dgp’2 + 0082g0'd77'2 + sin2g0'd§'2 . (3.2)
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A RR 4-form potential supports the geometry, its self-dual field strength possessing N
units of flux on the S°. The supergravity equations of motion relate the radius R in (B.1)
to the F5 flux on S° according to R* = 4mwg,No'?.

Giant gravitons are spinning spheric D3-branes that expand in either the 3-spheres Q'3
or Q3. They spin rigidly along the 1 direction inside the S° and are located either at p = 0
and 6 = 6, or at # = 0 and p = po [J-[L1]. The former correspond to D-branes expanded
into a S" C S° and we refer to them as sphere giant gravitons. The latter, which we call
AdS giant gravitons, correspond to D-branes expanded into a S® C AdSs and the previous
section was devoted to study of their gauge theory dual operators.

We denote by (7,01,09,03) the world-volume coordinates of an AdS giant. The D3-
brane equations of motion are solved by choosing the embedding space-time coordinates
to be given by

p=o01, n=o2, §=o03. (3.3)

Independently of the position pg of the giant, the angular velocity is ¢ = 1. Thus, its
center of mass, located at p = 0, moves along a null trajectory. Nevertheless, each element
of the giant travels in a time-like orbit.

The radius of the spherical giant gravitons and their angular momentum p along the
1 direction inside the S® are given in terms of the radial AdS coordinate p by

r = Rsinh pg, (3.4)
p = Nsinh? py.

From this equations one gets that 72 = 2,/mgsa'p/ V/N. The DBI action, of which giant
gravitons are D3-branes solutions, is then a valid approximation if p > v/N.

Weakly excited strings with a large angular momentum, i.e. those traveling along al-
most null trajectories on any spacetime, can be approximated as moving on an effective
pp-wave geometry [[f]. We will be interested in open strings having large angular momen-
tum along 1), the Penrose limit can be understood as a large N limit, with the angular
momentum p growing proportional to N. By looking at (B.4) and (B.3) one realizes that
the value pp must be kept constant and therefore the radius of the giant diverges. The
open string will be effectively attached to a flat D3-brane in a pp-wave background.”

For definiteness, let us consider a trajectory along v and 7, keeping ¢ = 0. A null
trajectory requires

R?(— cosh? pgi? + sinh? pgi? + %) = 0. (3.6)

Since we want the trajectory to be contained in the D-brane world-volume, the parametriza-
tion (B.3) £ = 1 and ¢/ = 1 necessarily implies 77 = £1. This means that the coordinates ¢,

"An almost null open string trajectory attached to an AdS giant requires moving along the 9 direction
inside the S and a direction parallel to the giant (see (@)) So, the present situation is somehow similar
to the case of non-maximal giants in the S° [@, E] and some exchange of angular momentum between the
D-brane and the open string is expected.
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1 and 7 are equally rated along this null trajectory. This null trajectory is a null geodesic
of AdS5 x S® and we use it to take a Penrose limit (see appendix [B). Looking at the open
string spectrum on the pp-wave background (B.1€), it is natural to expect for the first
excited states of (R-29), the following eigenvalues in the limit of large L but A\(a? —1)?/L?
fixed and small,

N A2 (a? — 1)%n?
~ 2 .
However, at the moment we do not know how to diagonalize the (P.29) and make an explicit
comparison with (@) What we do know is the groundstate () Computing its mean
occupation number is very elucidative,

E, (3.7)

1 1 N
(Wl Wg) = A .
7 (Woln[¥o) = —— » (3.8)

This computation gives, in average, the number of Z fields in the word appended over the
number of covariant derivatives. The former ones carry the R-charge identified in the dual
description with angular momentum of the string along 1. The covariant derivatives carry
the spin charge identified in the dual description with angular momentum of the string
along 7.

Now, we can use the null trajectory (B.6) to compute the ratio of angular momentum
components Jy, and J; of a massless particle traveling along it. The ratio of the angular
momenta in both angular directions is

o =2 (3.9
Jy  sinh“py p
where p is the angular momentum of the giant defined in (B.§). This result coincides exactly
with (B.§). Thus, the ground state (R.30) corresponds to the point like string. This enforces
our interpretation of the first excitations of the Hamiltonian (R.29) as excitation modes of
the open string in the pp-wave background.

3.1 Semiclassical open strings

Let us now consider a long open string ending on the AdS giant graviton, that feels the
full AdSs x S° background. One can see that in the large angular momentum limit the
system is well described by its classical action [BI].

We concentrate on those coordinates subject to Dirichlet boundary conditions. We will
eliminate the invariance of reparametrizations of the world-sheet by fixing a uniform gauge,
instead of the conformal gauge [B3]. This particular gauge turns out to be the appropriate
one according to the particular labeling of the operators we used in the dual gauge theory.

We closely parallel the gauge fixing done in [2I] and [R5 for open strings ending on
sphere giant gravitons. Let us begin by expressing the bosonic Polyakov action in terms of
phase space variables. To do that, we use the conjugate momenta

Pp = —GW(A(?O@“” + B@lx”) , (310)
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where A = /=¢¢%, B = \/—g¢®* and g% is the worldsheet metric. The Polyakov action
then takes the form

1 m
Sp = - /dT/O dol (3.11)

where,
1
L= —5\/_—ggabGW3aX“8bX”
1
= pudor” + 5A—1 [G* pupy + G012t 012"] + BA 'p, 012t . (3.12)
A and B can be thought as Lagrange multipliers implementing the constraints

lepupu + Guualw'ualxy = 0, (313)
pudiz’ = 0. (3.14)

We will consider an open string moving with the giant graviton and along it. In terms
of the global coordinates chosen in (B.1]) the string will evolve only on (¢, p,n,1), i.e. the
string is propagating on an AdSs x S' C AdSs x S°,

ds* = R*(— cosh? pdt* + dp?® + sinh? pdn® + dip?) . (3.15)

In these coordinates the position of the giant is given by

p:argcosh,ll—i—%, Y =t. (3.16)

Now, we change to a coordinate system in which the giant gravitons is static
r = coshp, o= —t. (3.17)

We make this election of coordinates guided by the boundary conditions (R.4d) and (2.44).
The metric (B.15) becomes

dr?

ds® = R*(—(r* — 1)dt* + 2dtd¢ + d¢* + St (r? = 1)dn?). (3.18)

Calling L the total angular momentum of the string along n

1 ™
L= —/ dopy . (3.19)
0

2ma/

As originally done in [BJ], we choose a gauge in which Py is homogeneously distributed
along the string, i.e. it is independent of o. Moreover, we take 7 to be coincident with the
global time ¢,

t=r, py=2d'L. (3.20)

The election of distributing p, homogeneously is also inspired in the field theory analysis
of the previous section. The spacing in the bosonic lattice was given by the covariant
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derivatives. So, the index [ running from 1 to L in (R.29) counts uniformly covariant
derivatives. Then, in the continuum limit, the action (R.43) has the spin charge associated
to the covariant derivative uniformly distributed in the variable o. This is why we expect
the appearance of an action similar to (R.43) by fixing a gauge where p,, is constant. On
the contrary, if one worked with the labeling of the words as sl(2) spin chains, the discrete
index of the chain would count uniformly scalar fields Z. In that case, the semiclassical
action obtained projecting with si(2) coherent states, would be similar to a Polyakov action
in a gauge where the momentum p,, is homogeneously distributed , @]

The implementation of constraints (B.13) and (B.14) leads to a lagrangian of the form

L=V'p;—/Miipp; + M, (3.21)

where the indices 4, = ¢,7. The coefficients V¢, M% and M depend on the coordinates
and their derivatives,

VO=¢+1,
V=7, (3.22)
Moo= (14 22y
r + 4 /2L2( - )QS )
RrR*
MO = M7 =22 — 1)t
2, 2 R? 2
M™ =r(r*—1) (1—{—4 nrz" > , (3.23)
272 7°2 4.2 12 4 7°2 2
M = 4« ’L R + R*r*¢/ +R 17“' : (3.24)

As usual, dots and primes denote derivatives with respect to 7 and o respectively. Accord-
ing to our conventions, R*/a"? = \/87%. Also, recall that the coordinates r and ¢ satisfy

Dirichlet boundary conditions,

Plo=or = \/1+ =, (3.25)
Plo=0,r = const. (3.26)

Variations of the momenta p, and p, give rise to algebraic equations of motion that can
be used to solve the momenta,

. M
pi = MV’ 1 — My VkVL? (3.27)

where M;; is the inverse of M . With these expressions for the momenta, the Lagrangian
can be written as

£=—\/(L-MyViVi)M, (3.28)

Now, we assume that time derivatives are small. More precisely, we consider dox* ~ \/L?
and take this parameter \/L? < 1 [R7. For later convenience, we rescale ¢ — o /7 and
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obtain, to lowest order in the expansion on this small parameter, the following action

1 | A )\2
S ~ —L/dt/o do (Tf_ o= (%) + 0 <ﬁ>> : (3.29)

Notice the factor L in front of the action, which L — oo in the limit we are considering.

Then, it can play the role of the inverse of the Planck constant in a semiclassical limit.
Remarkably, (B.29) and boundary conditions (B.25)-(B.2f) coincide with the semiclassi-
cal (R.49) action for the lattice Hamiltonian and boundary conditions (2.43)-(R.44). There-
fore, it is natural to identify coherent states parameters u and ¢ with global coordinates
1/ cosh p and ) — t respectively. Moreover, in this interpretation of the semiclassical co-
herent state action as the sigma model action corresponding to an open string, different
labelings of the operators can be accounted by different ways of fixing the world-sheet

reparametrization invariance of the Polyakov action.

4. Discussion

We have studied excited AdS giant gravitons and their gauge theory dual operators. We
started describing the gauge invariant operators associated to open strings ending on AdS
giant gravitons. To study their scale dimensions spectrum, we made use of the dilatation
operator computed in [26] restricted to a sl(2) sub-sector of the super-conformal group. The
mixing matrix of anomalous dimensions, at the one-loop approximation, corresponded to
the Hamiltonian of an open si(2) spin chain. The Hamiltonian included terms mixing spin
chains of different lengths and at that point we introduced a labeling for the operators that
enabled us to interpret the mixing matrix of anomalous dimensions as the Hamiltonian of a
bosonic lattice. In analogy with the case of non-maximal sphere giants [R1], the variability
in the spin chain length was translated into a variable total number of bosons occupying
the lattice. Interestingly, the Hamiltonian turned out to be non-quadratic in the lowering
and raising operators and included non-nearest neighbor interactions. In spite of that,
we showed that lattices with a large number of sites were effectively described by a local
non-linear sigma-model action.

We were not able to compute the complete spectrum of the bosonic Hamiltonian.
However, by a semiclassical analysis, similar to that of [R5, we showed the existence of
continuous bands. In fact, the variability of the total occupation number and the exis-
tence of continuous bands prevented one to solve the problem in terms of a standard Bethe
Ansatz. Interestingly, these continuous bands allow states with a monotonically growing
number of bosons. The duals of such states correspond to open strings increasing mono-
tonically their angular momentum at the expense of the giant. The analogy offered in [Rj
of an open string with accelerating end points also works here. The instability is due to
the fact that for long enough strings, the tension will not support the weight due to the
centrifugal force.

We have seen that the ratio between the Z fields and covariant derivatives D mean
values for the ground state of the Hamiltonian (P.29) coincides exactly with the ratio
between the angular momentum in the ¥ and 7 directions for an unexcited open string
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spinning with and along the giant. This gives support to the proposed dual operators (R.10).
In section f] we have presented a semiclassical limit for the Polyakov action of open strings
ending on AdS giant gravitons. We chose coordinates in which the giant is static, and fixed
a gauge in which the string angular momentum along AdS, p,, is taken large and uniformly
distributed along the string. In this gauge and in a rigid string limit, the Polyakov action

and its Dirichlet boundary conditions®

coincided exactly with the non-linear sigma-model
action and boundary conditions of the semiclassical description of the mixing matrix of
anomalous dimensions. The agreement between these semiclassical actions is intuitively
correct within the context of the AdS/CFT correspondence. Firstly, the string angular
momentum p,, taken large is the geometrical counterpart of the a large number of sites in
the Hamiltonian. Secondly, the gauge choice that distributes p, uniformly is natural, since
in the continuum limit the number of sites is uniformly rated by a continuous variable o.

One of the motivations for studying AdS giant gravitons was that, in contrast to sphere
giant gravitons, there is no upper bound for their angular momentum. In this regard, it
is particularly interesting to consider the limit o — oo of the Hamiltonian (R.29). In that
limit the Hamiltonian can be diagonalized perturbatively and the terms proportional to o
in (P.29) serve to define a simple unperturbed Hamiltonian which, in our base, turns out
to be diagonal. A one boson state in the k' site is an eigenstate with eigenvalue

(L+1)

EO =221
EEATTTT

(4.1)
The first excitations of the unperturbed Hamiltonian are then of order Aa?/L. Although a
perturbative treatment might be a fairly valid approximation for the large a limit of (2.29),
it is clear that the one-loop approximation is no longer correct when taking A\ — oo, as
in the BMN limit. Thus, it would be inappropriate to compare the large o limit of the
one-loop Hamiltonian, with any string theory result.

As a final comment, we would like to point out that the bosonic labeling developed
in section P might be useful for studying other setups. Recently in [B4], string bits in
condensates of BPS configurations [BY and their relation to giant magnons [Bg], were
conveniently characterized using a similar bosonic labeling for single trace operators in
su(2) and su(3) sub-sectors. In terms of the coordinates and gauge choices appropriate
for the bosonic labeling, the string bits or magnons are simply depicted as straight lines.
We speculate that the bosonic labeling developed here might be useful to explore similar
magnon excitations in the sl(2) sub-sector.
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A. Conventions and some combinatorial properties

We work with double line notation for the gauge theory. All fields are in the adjoint
representation of the gauge group, e.g. Zij =7 UL(T“)Z']»7 with T% the generators of U(V) in
the fundamental representation normalized as tr(7%7°) = §%°. The key identity is

(T*)'5(T*), = 6,65 (A1)

We list below some properties of the totally symmetric tensor that are useful for the
calculations of AdS giant gravitons. The totally symmetric tensor of rank p is defined as

i1ip 11 ip
S]1.717 = Z 6.70(1) o 6jo(p) ’ (A2)

g

the summation being over all possible permutations o. In ([A.9), p can be any integer and

i1, -+ ,%p and ji,--- , jp range from 1 to N. Simple examples are
=
Sy = 0,,0] + 6,0, (A.3)

Some useful properties of the S tensors are

iy i o
Sjl"'j]: 251 J1jr—1Jz+1- I;p (A-4)
ity (N+P—U! ih1ip (A.5)
i1k g1dp (N+p—1—k) Jkt1-Jp )
Siiesi = ps e (46)
Using the previous relations, it is possible to obtain the following contractions for two S
tensors,
i1+ip—1a QJ1°Jp—1C __ (N+p — 1)!(]) — 1)' ( )
Sjl"'jzflbsil---i;—ld - NI 61) 6d + (N + 1)5 (A7)
i1~~~ip71agSj1"'jp71€€ o (N +p— 1)!(]) ) S gee 4 (p )(p 3) agce
G1-Gp—1bh i1 -ip_1df T (N + 1)| bh M df (N + 2)(N + 3) bhdf
(r—2)
+ sy (ORSEE +oysiay + ohsiiy +oisi) ) (a)

B. Open strings in the pp-wave limit

In this appendix we take a Penrose limit of the AdS5 x S° geometry for the null geodesic:
p=po,t =1 =n =X discussed in eq. (B.§). The limit is accomplished by defining a
linear diffeomorphism to new coordinates and taking the R — oo limit. The coordinate u
playing the réle of parameter along the curve must appear, as discussed in section [, with
the same coefficient in ¢, ¢ and 1. The remaining coefficients for the linear transformation
can be fixed by demanding the metric to be well-defined in the R — oo limit.
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Consider the following change of coordinates,

v Y
t=ut ——— — oo+ 2
R?2 cosh? py P=PTR
v x r
=u— ——-— —tanh pg—, 0=—
v R2 coshZ pg PR R
v x z
=u-— = —-——. B.1
= R2 cosh? py + R cosh pg sinh pg ’ ? R sinh pg (B.1)

keeping ¢ and Qf variables unchanged. After taking R — oo, the metric (B.J]) becomes,
ds* = —4dudv + dydudz — (r? + 22)du® + da? + dy? + d2? + 22de? + dr® + ’I“QngQ . (B.2)

In terms of cartesian coordinates

. . ! !
21 = zsing, 24 = rsing’ cos&
29 = zcos &, z5 =rcosy’ sinn,
23 =rsiny sin¢’, 26 =rcosy cosn | (B.3)

the metric (B.J) takes the form

ds® = —4dudv + 4ydudx — Z 22du® + dz® + dy® + Z dz2. (B.4)

This is the well known maximally supersymmetric pp-wave of type IIB supergravity [@]
displayed in unusual “magnetic” coordinates. This can be explicitly seen by an appropriate
change of variables [B7, Bg].

The AdS giants attached strings that we consider have two different angular momenta:
one related to the spinning along the v direction of the S° called Jy in (B.9) and a second
one J,, along the 7 direction of the $3 C AdSs (see egs. (B1)-(B-Z)). For weakly excited
strings, the quantization on the pp-wave geometry (B.4) is a good approximation. We
focus on the bosonic sector of the corresponding superstring action. In particular, on
the excitation modes of coordinates z and y in (B.4) which satisfy Dirichlet boundary
conditions.

The metric (B-4) coincides with the one considered in [PJ], so we can then borrow
the complete analysis of oscillation modes and the canonical quantization done in it. The
light-cone Hamiltonian expressed in terms of the oscillator operators [,,, Bim,s 6;51 and B;rn
of the x and y coordinates is

Ty 1 2malp” -2 -2 12 12
H,, :80/21)“ da(m +y +2 4y >
0

— g 3 (Bl + w61, (B.5)
n>0

where wi = \/(2a/p*)2 + n? 4+ 2a/p*. Thus, the energy of each excitation is

2
n
E. = 14+ — 1. B.6
alTh PETRE n= M e (B:6)
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To illuminate this result, we express the light-cone charges

0
H = — p— ‘— B-
le Pu Zau ) ( 7)
w 1 i 0
Pr=m5Pv = 550 (B.8)

in terms of the conserved charges A, Jy and J; corresponding to the original global coor-
dinates ¢, and 1. The change of coordinates (B.1) gives,

0 0 0
He=il24+Z 4+ 2 ) —A_y,— B.
le Z<8t+31/1+877> J¢ J777 ( 9)
i 0 0 0 A+ Jy+Jy
P 2R2 cosh? py <8t o (977> 2R2 cosh? pg ( )

To make contact with the gauge theory calculations, we denote

Jy =L, (B.11)
L N
sinh” pg P
L denotes, on the gauge theory side, the total number of covariant derivatives present in
the word W (see eq. (R21])). The sum of angular momenta takes the form

N o?
Jp+Jy=L|(1+— )| =L—— B.13

n + P ( + P > (12 1 9 ( )
where a is given by (.17). To get a finite light-cone energy we required that A ~ o?L/(1—

a?). Therefore,
L L
p = . B.14
R2(a? —1) V8Am(a? —1) ( )
Here the relations R* = 4mgsNa'? and A = g,N/27 have been used. Finally, the string
excitation energies in terms of gauge theory parameters are

~ 212 (a? — 1)2n? 212 (a? — 1)2n?
En:\/1+ i -1, E,=1/1+ 72 +1. (B.15)

When considering the BMN limit: \/L? fixed and small as L — oo, the expansion of the
square roots gives,

_Ar*(a? —1)*n?

A2 (a? —1)%n?
L? ’

E, 2

. E,~24 (B.16)
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